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Abstract
In this paper we consider a generalized biharmonic equation modeling two-dimensional inhomogeneous elastic state in the
curvilinear rectangle a < r < b, 0 < θ < α, where (r, θ) denote plane polar coordinates. Such an arch-like region is maintained in
equilibrium under self-equilibrated traction applied on one of the edges, while the other three edges are traction free. Our aim is to
derive some explicit spatial estimates describing how some appropriate measures concerning the specific Airy stress function evolve
with respect to the distance to the loaded edge. Two types of smoothly varying inhomogeneity are considered: (i) the elastic moduli
vary smoothly with the polar distance, (ii) they vary smoothly with the polar angle. Such types of smoothly varying inhomogeneous
elastic materials provide a model for technological important functionally graded materials. The results of the present paper prove
how the spatial decay rate varies with the constitutive profile.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
We consider a curvilinear strip of the form of an arch-like region S, which in plane polar coordinates θ and r is
described by S: a < r < b, 0 < θ < α, where a, b and α (< 2π ) are prescribed positive constants. The state of plane
stress in such a region filled with an inhomogeneous and isotropic elastic material may be generated in terms of the
Airy stress function φ which satisfy the following generalized biharmonic equation
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2
∂r2
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+ ∂
2
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r3
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(
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∂φ
∂r
= 0, (1.1)
where ε = ε(r, θ) and ε¯ = ε¯(r, θ) are prescribed twice continuously differentiable functions characterizing the prop-
erties of the elastic material being related to the well-known Lamé coefficients λ(r, θ) and μ(r, θ) by means of the
relation
ε = λ + 2μ
4μ(λ + μ), ε¯ =
λ
4μ(λ + μ). (1.2)
It is assumed throughout that (see [1])
μ > 0, 3λ + 2μ > 0, (1.3)
and therefore, we have
	 > 0. (1.4)
We are interested in studying the spatial behavior of solutions to Eq. (1.1) when appropriate tractions are applied on
one of the edges of the curvilinear strip S.
In a recent paper D’Apice and Chirit¸a˘ [2] examined the particular case of an arch-like region filled with a homoge-
neous and isotropic elastic material when ε and ε¯ are constants and Eq. (1.1) takes the simplest form of the biharmonic
equation
∂2
∂r2
(
r
∂2φ
∂r2
)
+ ∂
2
∂θ2
(
1
r3
∂2φ
∂θ2
)
+ 2 ∂
2
∂r∂θ
(
1
r
∂2φ
∂r∂θ
)
− ∂
∂r
(
1
r
∂φ
∂r
)
+ 4
r3
∂2φ
∂θ2
= 0. (1.5)
This last equation was treated previously by Flavin [3], Flavin and Gleeson [4] and Chirit¸a˘ [5] in concern with the
case when a traction is applied on the edge θ = 0, the other three edges being free of charge.
Decay estimates of solutions to the biharmonic equation in an inhomogeneous rectangular strip have been estab-
lished, for instance, by [6–8] and [9].
Concerning Eq. (1.1) we will consider two different boundary value problems.
Problem A. Here we consider the edge r = a to be subjected to a prescribed traction, while the other three edges are
free of loads, that is we associate with (1.1) the following boundary conditions
φ(r,0) = ∂φ
∂θ
(r,0) = 0, φ(r,α) = ∂φ
∂θ
(r,α) = 0, r ∈ [a, b], (1.6)
φ(b, θ) = ∂φ
∂r
(b, θ) = 0, θ ∈ [0, α], (1.7)
and
φ(a, θ) = a2
θ∫
0
[
τrr (a, η) +
η∫
0
τrθ (a, ξ) dξ
]
sin(θ − η)dη,
∂φ
∂r
(a, θ) = a
θ∫
0
[
τrr (a, η) +
η∫
0
τrθ (a, ξ) dξ
]
sin(θ − η)dη − a
θ∫
0
τrθ (a, η) dη, (1.8)
where the applied self-equilibrated tractions τrr (a, θ) and τrθ (a, θ) satisfy the global equilibrium conditions, that is
α∫
0
[
τrr (a, η) +
η∫
0
τrθ (a, ξ) dξ
]
sin(α − η)dη = 0,
α∫
0
τrθ (a, η) dη = 0. (1.9)
Problem B. Here we consider the edge θ = 0 to be subjected to a given traction, while the other three edges are free
of tractions, that is we have the following boundary conditions
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∂r
(a, θ) = 0, φ(b, θ) = ∂φ
∂r
(b, θ) = 0, θ ∈ [0, α], (1.10)
φ(r,α) = ∂φ
∂θ
(r,α) = 0, r ∈ [a, b], (1.11)
and
φ(r,0) =
r∫
a
(r − ρ)τθθ (ρ,0) dρ, 1
r
∂φ
∂θ
(r,0) = −
r∫
a
τrθ (ρ,0) dρ, (1.12)
where the applied self-equilibrated tractions τrθ (ρ,0) and τθθ (ρ,0) satisfy the following conditions of global equi-
librium
b∫
a
τrθ (ρ,0) dρ = 0,
b∫
a
τθθ (ρ,0) dρ = 0,
b∫
a
(b − ρ)τθθ (ρ,0) dρ = 0. (1.13)
The study of the spatial behavior of solutions to the two above problems for the general case when ε = ε(r, θ)
and ε¯ = ε¯(r, θ) unrestricted can be a very difficult task. In what follows we will consider the following two types of
smoothly varying inhomogeneity:
(i) the elastic coefficients vary smoothly with the polar distance and hence we have
ε = ε(r), ε¯ = ε¯(r); (1.14)
(ii) the elastic coefficients depend only on the polar angle θ and hence
ε = ε(θ), ε¯ = ε¯(θ). (1.15)
The above classes of smoothly varying inhomogeneous elastic materials provide a model for the important so-called
technological functionally graded materials. These materials have received considerable attention in literature as re-
sults, for example, from the fundamental research developed in [3,7,10,11] and [12].
In the present paper we will derive subclasses of functionally graded materials (characterized by restrictions upon
the elastic coefficients ε and ε¯) in which we can define appropriate measures concerning the Airy stress function
whose spatial behavior is implied by an appropriate second-order differential inequality. The results are illustrated by
considering the well-known class of inhomogeneous and isotropic functionally graded elastic materials occurring in
literature, characterized by [13]:
ε(r) = ε0rp, ε¯(r) = f ε(r), (1.16)
with ε0 > 0, p and f prescribed constants and f satisfying 0 < f < 1.
Concerning Problem A, we indicate an appropriate measure regarding the Airy stress function and then we prove
that it decays at least algebraically with respect to the polar distance r , provided the opening angle of the arch-like
region is lower than π
√
2. Such a result agrees with that established by D’Apice and Chirit¸a˘ [2] for a homogeneous
elastic arch-like region. As regard Problem B, we establish an estimate for an appropriate measure concerning the
Airy stress function reflecting exponential decay of end effects away from the loaded edge, but without any restriction
upon the dimensions of the arch-like region, a result in concordance with that established by D’Apice [14].
A historical overview of some topics related to the classical two-dimensional biharmonic equation can be found in
the review article by Meleshko [15].
2. The method of proof
In order to establish the spatial behavior of the solutions to the related two above problems we will transform them
by means of the change of variable
r = et (2.1)
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φ(r, θ) = etψ(t, θ). (2.2)
Moreover, we introduce the notation
	(t, θ) = ε(et , θ), 	¯(t, θ) = ε¯(et , θ). (2.3)
Consequently, Eq. (1.1) becomes
∂2
∂t2
(
	
∂2ψ
∂t2
)
+ 2 ∂
2
∂t∂θ
(
	
∂2ψ
∂t∂θ
)
+ ∂
2
∂θ2
(
	
∂2ψ
∂θ2
)
− 2 ∂
∂t
(
	
∂ψ
∂t
)
+ 2 ∂
∂θ
(
	
∂ψ
∂θ
)
+ 	ψ
+
(
∂	
∂t
− ∂	¯
∂t
− ∂
2	¯
∂θ2
)
∂2ψ
∂t2
+
(
−∂	
∂t
+ ∂	¯
∂t
− ∂
2	¯
∂t2
)
∂2ψ
∂θ2
+ 2
(
∂	
∂θ
− ∂	¯
∂θ
+ ∂
2	¯
∂t∂θ
)
∂2ψ
∂t∂θ
+
(
∂2	
∂t2
+ ∂
2	
∂θ2
− ∂
2	¯
∂θ2
− ∂
2	¯
∂t2
)
∂ψ
∂t
+
(
∂2	
∂θ2
− ∂	
∂t
+ ∂	¯
∂t
− ∂
2	¯
∂t2
)
ψ = 0 in R, (2.4)
where
R ≡ {(t, θ): t ∈ [a1, b1], θ ∈ [0, α]}, a1 = lna, b1 = lnb. (2.5)
Furthermore, Problems A and B become as follows:
ProblemA consists of the partial differential equation (2.4) and the boundary value conditions
ψ(t,0) = ∂ψ
∂θ
(t,0) = 0, ψ(t, α) = ∂ψ
∂θ
(t, α) = 0, t ∈ [a1, b1], (2.6)
ψ(b1, θ) = ∂ψ
∂t
(b1, θ) = 0, θ ∈ [0, α], (2.7)
and
ψ(a1, θ) = a
θ∫
0
[
τrr (a, η) +
η∫
0
τrθ (a, ξ) dξ
]
sin(θ − η)dη,
∂ψ
∂t
(a1, θ) = −a
θ∫
0
τrθ (a, η) dη, θ ∈ [0, α]. (2.8)
Problem B consists of the partial differential equation (2.4) and the boundary value conditions
ψ(a1, θ) = ∂ψ
∂t
(a1, θ) = 0, ψ(b1, θ) = ∂ψ
∂t
(b1, θ) = 0, θ ∈ [0, α], (2.9)
ψ(t,α) = ∂ψ
∂θ
(t, α) = 0, t ∈ [a1, b1], (2.10)
and
ψ(t,0) =
t∫
a1
(
1 − eξ−t)τθθ (eξ ,0)eξ dξ,
∂ψ
∂θ
(t,0) = −
t∫
a1
τrθ
(
eξ ,0
)
eξ dξ, t ∈ [a1, b1]. (2.11)
It is a straightforward task to establish the following result.
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following identity holds true
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∂2ψ
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)2
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∂θ2
)2
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∂θ
)2
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∂ψ
∂t
∂ψ
∂θ
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2	
∂θ2
ψ2 − ∂
2	¯
∂θ2
ψ
∂2ψ
∂t2
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2	¯
∂t2
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∂θ2
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2	¯
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(
2	ψ
∂2ψ
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∂ψ
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+
(
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− ψ2
]
− 	ψ ∂
2ψ
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}
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∂t
{
∂	
∂t
[(
∂ψ
∂t
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+
(
∂ψ
∂θ
)2
+ ψ2
]
+ ∂	
∂t
ψ
∂ψ
∂t
+ ∂	
∂θ
ψ
∂ψ
∂θ
}
− ∂
∂θ
{
∂	
∂θ
[(
∂ψ
∂t
)2
+
(
∂ψ
∂θ
)2
− ψ2
]
− ∂	
∂t
ψ
∂ψ
∂θ
+ ∂	
∂θ
ψ
∂ψ
∂t
}
+ ∂
∂t
(
∂	¯
∂θ
ψ
∂ψ
∂θ
+ ∂	¯
∂t
ψ
∂ψ
∂t
)
+ ∂
∂θ
(
∂	¯
∂θ
ψ
∂ψ
∂t
− ∂	¯
∂t
ψ
∂ψ
∂θ
)
. (2.12)
3. Spatial behavior for angular inhomogeneity
Throughout this section we will assume that the elastic coefficients vary smoothly with respect to the polar angle
θ and hence (1.15) holds true. Furthermore, we set
ε˙ = dε
dθ
, ε¨ = d
2ε
dθ2
, ˙¯ε = dε¯
dθ
, ¨¯ε = d
2ε¯
dθ2
. (3.1)
Then the identity (2.12) gives
α∫
0
ε
[(
∂2ψ
∂t2
)2
+ 2
(
∂2ψ
∂t∂θ
)2
+
(
∂2ψ
∂θ2
+ ψ
)2
+
(
2 + ¨¯ε
ε
)(
∂ψ
∂t
)2
− 2
ε
(ε˙ − ˙¯ε)∂ψ
∂t
∂ψ
∂θ
]
dθ
= d
2
dt2
α∫
0
ε
[(
∂ψ
∂t
)2
+
(
∂ψ
∂θ
)2
− ψ ∂
2ψ
∂t2
+
(
1 + ¨¯ε
2ε
)
ψ2
]
dθ + 1
2
d
dt
α∫
0
(ε¨ − ¨¯ε)ψ2 dθ, (3.2)
for the solution of Problem A, while for the solution of Problem B it implies
b1∫
a1
ε
[(
∂2ψ
∂t2
)2
+ 2
(
∂2ψ
∂t∂θ
)2
+
(
∂2ψ
∂θ2
+ ψ
)2
+
(
2 + ¨¯ε
ε
)(
∂ψ
∂t
)2
− 2
ε
(ε˙ − ˙¯ε)∂ψ
∂t
∂ψ
∂θ
]
dt
= d
2
dθ2
b1∫
a1
ε
[(
∂ψ
∂t
)2
+
(
∂ψ
∂θ
)2
− ψ ∂
2ψ
∂θ2
]
dt − d
dθ
b1∫
a1
ε˙
[(
∂ψ
∂t
)2
+
(
∂ψ
∂θ
)2
+ ψ2
]
dt. (3.3)
3.1. Spatial behavior for Problem A
With the solution of Problem A we associate the following functional
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∫ ∫
Rt
ε
{(
∂2ψ
∂τ 2
)2
+ 2
(
∂2ψ
∂τ∂θ
)2
+
(
∂2ψ
∂θ2
+ ψ
)2
+
(
2 + ¨¯ε
ε
)(
∂ψ
∂τ
)2
− 2
ε
(ε˙ − ˙¯ε)∂ψ
∂τ
∂ψ
∂θ
}
dτ dθ,
t ∈ [a1, b1], (3.4)
where Rt ≡ [t, b1] × [0, α]. It can be easily seen that in the particular case of a homogeneous elastic material, when
ε˙, ε¨, ˙¯ε and ¨¯ε vanish, E1(t) can be considered as an acceptable measure of the function ψ(t, θ). Thus, we can take
E1(t), as defined by (3.4), like a possible candidate for an acceptable measure of the Airy stress function for the class
of inhomogeneous elastic materials described by the relation (1.15). To this aim we use the boundary condition (2.6)
in order to write (3.4) in the following form
E1(t) =
∫ ∫
Rt
ε
{(
∂2ψ
∂τ 2
)2
+ 2
(
∂2ψ
∂τ∂θ
)2
+
(
∂2ψ
∂θ2
)2
+
(
2 + ¨¯ε
ε
)(
∂ψ
∂τ
)2
− 2
(
∂ψ
∂θ
)2
+
(
1 + ε¨
ε
)
ψ2
− 2
ε
(ε˙ − ˙¯ε)∂ψ
∂τ
∂ψ
∂θ
}
dτ dθ, t ∈ [a1, b1]. (3.5)
Furthermore, we use the boundary condition (2.6) in order to write the inequality
α∫
0
ε(θ)
(
∂2ψ
∂θ2
)2
dθ  σ1
α∫
0
ε(θ)
(
∂ψ
∂θ
)2
dθ, (3.6)
where σ1, here and subsequently, denotes the lowest positive eigenvalue of
d2u
dθ2
+
[
σ − 1√
ε
d2
dθ2
(
√
ε )
]
u = 0, θ ∈ (0, α); u(0) = u(α) = 0. (3.7)
Moreover, in view of the boundary condition (2.6), we have
α∫
0
ε(θ)
(
∂2ψ
∂t∂θ
)2
dθ  σ2
α∫
0
ε(θ)
(
∂ψ
∂t
)2
dθ, (3.8)
where σ2, here and subsequently, denotes the lowest positive eigenvalue of
d
dθ
(
ε
du
dθ
)
+ σεu = 0, θ ∈ (0, α); u(0) = u(α) = 0. (3.9)
Whereas one cannot, in general, obtain σ1 and σ2 explicitly, we have the following crude bounds
σ1 
4π2
α2
εmin
εmax
, (3.10)
σ2 
π2
α2
εmin
εmax
, (3.11)
where εmin and εmax denote minimum and maximum value of the function ε(θ) on [0, α], respectively. On applying
(3.6) in (3.5) we obtain
E1(t)
∫ ∫
Rt
ε
{(
∂2ψ
∂τ 2
)2
+ ω1
(
∂ψ
∂θ
)2
− 2ω3
∣∣∣∣∂ψ∂τ ∂ψ∂θ
∣∣∣∣+ ω2
(
∂ψ
∂τ
)2
+ ωψ2
}
dτ dθ, (3.12)
where
ω1 = min
θ∈[0,α]σ1 − 2, ω2 = minθ∈[0,α]
(
2 + 2σ2 +
¨¯ε
ε
)
,
ω3 = max
∣∣∣∣ ε˙ − ˙¯ε
∣∣∣∣, ω = min
(
1 + ε¨
)
. (3.13)θ∈[0,α] ε θ∈[0,α] ε
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ω1 > 0, ω2 > 0, ω3 <
√
ω1ω2, ω > 0, (3.14)
so that the relation (3.12) implies
E1(t)
∫ ∫
Rt
ε
{(
∂2ψ
∂τ 2
)2
+ ω0
[(
∂ψ
∂θ
)2
+
(
∂ψ
∂τ
)2]
+ ωψ2
}
dτ dθ, (3.15)
where
ω0 = 12
[
ω1 + ω2 −
√
(ω1 − ω2)2 + 4ω23
]
. (3.16)
Let us assume henceforward that the relation (3.14) holds true. In these circumstances it is clear that E1(θ) rep-
resents a global measure of the magnitude of the function ψ in Rt . Consequently we can introduce the following
measure
F1(t) =
b1∫
t
E1(τ ) dτ
=
b1∫
t
(τ − t)
α∫
0
ε
{(
∂2ψ
∂τ 2
)2
+ 2
(
∂2ψ
∂τ∂θ
)2
+
(
∂2ψ
∂θ2
)2
+
(
2 + ¨¯ε
ε
)(
∂ψ
∂τ
)2
− 2
(
∂ψ
∂θ
)2
+
(
1 + ε¨
ε
)
ψ2 − 2
ε
(ε˙ − ˙¯ε)∂ψ
∂τ
∂ψ
∂θ
}
dθ dη, t ∈ [a1, b1], (3.17)
and note that
F1(t)
b1∫
t
(τ − t)
α∫
0
ε
{(
∂2ψ
∂τ 2
)2
+ ω0
[(
∂ψ
∂θ
)2
+
(
∂ψ
∂τ
)2]
+ ωψ2
}
dτ dθ. (3.18)
On the other hand, by successive differentiation, from the relations (3.5), (3.15) and (3.17), we obtain
−dF1
dt
(t) =
∫ ∫
Rt
ε
{(
∂2ψ
∂τ 2
)2
+ 2
(
∂2ψ
∂τ∂θ
)2
+
(
∂2ψ
∂θ2
)2
+
(
2 + ¨¯ε
ε
)(
∂ψ
∂τ
)2
− 2
(
∂ψ
∂θ
)2
+
(
1 + ε¨
ε
)
ψ2
− 2
ε
(ε˙ − ˙¯ε)∂ψ
∂τ
∂ψ
∂θ
}
dτ dθ

∫ ∫
Rt
ε
{(
∂2ψ
∂τ 2
)2
+ ω0
[(
∂ψ
∂θ
)2
+
(
∂ψ
∂τ
)2]
+ ωψ2
}
dτ dθ, t ∈ [a1, b1], (3.19)
d2F1
dt2
(t) =
α∫
0
ε
[(
∂2ψ
∂t2
)2
+ 2
(
∂2ψ
∂t∂θ
)2
+
(
∂2ψ
∂θ2
)2
+
(
2 + ¨¯ε
ε
)(
∂ψ
∂t
)2
− 2
(
∂ψ
∂θ
)2
+
(
1 + ε¨
ε
)
ψ2
− 2
ε
(ε˙ − ˙¯ε)∂ψ
∂t
∂ψ
∂θ
]
dθ

α∫
0
ε
{(
∂2ψ
∂t2
)2
+ ω0
[(
∂ψ
∂θ
)2
+
(
∂ψ
∂t
)2]
+ ωψ2
}
dθ, t ∈ [a1, b1]. (3.20)
In view of the identity (3.2) and the relation (3.20), we have
d2F1
2 (t) =
d2I1
2 (t), (3.21)dt dt
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I1(t) =
α∫
0
ε
[(
∂ψ
∂t
)2
+
(
∂ψ
∂θ
)2
− ψ ∂
2ψ
∂t2
+
(
1 + ¨¯ε
2ε
)
ψ2
]
dθ − 1
2
∫ ∫
Rt
(ε¨ − ¨¯ε)ψ2 dτ dθ. (3.22)
On the other hand, by means of the relations (2.6), (3.17), (3.19) and (3.22), from (3.21) we deduce
F1(t) = I1(t) for all t ∈ [a1, b1]. (3.23)
Therefore, by using the Cauchy–Schwarz and the arithmetic–geometric mean inequalities into (3.22) and (3.23)
we obtain
F1(t) 1
d2F1
dt2
(t) − 2 dF1
dt
(t) for all t ∈ [a1, b1], (3.24)
where
1 = max
{
1
ω0
,1,
1
ω
(
5
4
+ max
θ∈[0,α]
∣∣∣∣ ¨¯ε2ε
∣∣∣∣
)}
, 2 = 12ω maxθ∈[0,α]
∣∣∣∣ ε¨ − ¨¯εε
∣∣∣∣. (3.25)
By the Comparison Principle, from (3.24) it follows that F1(t) is bounded above by G1(t), the solution of the differ-
ential equation
d2G1
dt2
(t) − 2
1
dG1
dt
(t) − 1
1
G1(t) = 0 for all t ∈ [a1, b1], (3.26)
with the boundary conditions
G1(a1) = F1(a1), G1(b1) = F1(b1). (3.27)
On this basis, we can write
F1(t)
1 − e−(ξ1+ξ2)(b1−t)
1 − e−(ξ1+ξ2)(b1−a1) F1(a1)e
−ξ2(t−a1) + 1 − e
−(ξ1+ξ2)(t−a1)
1 − e−(ξ1+ξ2)(b1−a1) F1(b1)e
−ξ1(b1−t)
 F1(a1)e−ξ2(t−a1) + F1(b1)e−ξ1(b1−t) for all t ∈ [a1, b1], (3.28)
where
ξ1 = 121
(
2 +
√
22 + 41
)
, ξ2 = 121
(−2 +√22 + 41). (3.29)
Let us discuss the case of a semi-infinite curvilinear rectangle (that is the case when b → ∞), when we have
F1(t) =
∫∞
t
E1(τ ) dτ , E1(τ ) =
∫∫
Rt
ε{. . .}dτ dθ and Rt = [t,∞) × [0, α]. Then we have the only two possibilities:
(a) F1(t) is bounded above for all t ∈ [0,∞);
(b) F1(t) is infinite for all t ∈ [0,∞).
In the case (a) the relation (3.28) implies that F1(t) F1(a1)e−ξ2(t−a1), while the case (b) proves the corresponding
energetic measure is infinite. Thus, we are lead to a Phragmèn–Lindelöf alternative.
The foregoing results may be embodied in a theorem.
Theorem 2. In the context of an inhomogeneous arch-like region for which ε and ε¯ satisfy the relations (1.15) and
(3.14), for any solution of Problem A one has
F1(r)F1(a)
(
a
r
)ξ2
for all r ∈ [a, b], (3.30)
where
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b∫
r
1
τ
E1(ln τ) dτ. (3.31)
In the case of an infinite annular region a < r < ∞, 0 < θ < α (also under the assumption (3.14)), a Phragmèn–
Lindelöf type alternative holds true, that is the corresponding energetic measure F1(r) (with b → ∞) of the solution
of Problem A is infinite or decays to zero at least algebraically with respect to r , as conveyed by the relation (3.30).
3.2. Spatial behavior for Problem B
Let us consider now Problem B and introduce the functional
E2(θ) =
∫ ∫
Rθ
ε
{(
∂2ψ
∂t2
)2
+ 2
(
∂2ψ
∂t∂η
)2
+
(
∂2ψ
∂η2
+ ψ
)2
+
(
2 + ¨¯ε
ε
)(
∂ψ
∂t
)2
− 2
ε
(ε˙ − ˙¯ε)∂ψ
∂t
∂ψ
∂η
}
dt dη, θ ∈ [0, α], (3.32)
where Rθ ≡ [a1, b1] × [θ,α]. In view of the boundary condition (2.9), we can write the following inequalities
b1∫
a1
(
∂2ψ
∂t2
)2
dt  4π
2
(b1 − a1)2
b1∫
a1
(
∂ψ
∂t
)2
dt, (3.33)
b1∫
a1
(
∂2ψ
∂t∂θ
)2
dt  π
2
(b1 − a1)2
b1∫
a1
(
∂ψ
∂θ
)2
dt, (3.34)
b1∫
a1
(
∂ψ
∂t
)2
dt  π
2
(b1 − a1)2
b1∫
a1
ψ2 dt, (3.35)
so that relation (3.32) gives
E2(θ)
∫ ∫
Rθ
ε
{
w1
(
∂ψ
∂t
)2
+ w2
(
∂ψ
∂η
)2
− 2w3
∣∣∣∣∂ψ∂τ ∂ψ∂θ
∣∣∣∣+
(
∂2ψ
∂η2
+ ψ
)2}
dt dη, (3.36)
where
w1 = min
θ∈[0,α]
(
4π2
(b1 − a1)2 + 2 +
¨¯ε
ε
)
, w2 = 2π
2
(b1 − a1)2 , w3 = maxθ∈[0,α]
∣∣∣∣ ε˙ − ˙¯εε
∣∣∣∣. (3.37)
Furthermore, we assume that
w1 > 0, w3 <
√
w1w2, (3.38)
and hence (3.36) implies
E2(θ)
∫ ∫
Rθ
ε
{
w0
[(
∂ψ
∂t
)2
+
(
∂ψ
∂η
)2]
+
(
∂2ψ
∂η2
+ ψ
)2}
dt dη, (3.39)
where
w0 = 12
[
w1 + w2 −
√
(w1 − w2)2 + 4w23
]
. (3.40)
Moreover, by using the inequality (3.35) into (3.39), we obtain
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∫ ∫
Rθ
ε
{
w0
(
∂ψ
∂η
)2
+
(
∂2ψ
∂η2
)2
+ 2ψ ∂
2ψ
∂η2
+
(
1 + w0π
2
(b1 − a1)2
)
ψ2
}
dt dη, (3.41)
so that we deduce
E2(θ)
∫ ∫
Rθ
ε
{
w0
(
∂ψ
∂η
)2
+ w
[(
∂2ψ
∂η2
)2
+ ψ2
]}
dt dη, (3.42)
where
w = 1
2
[
2 + w0π
2
(b1 − a1)2 −
√
4 + w
2
0π
4
(b1 − a1)4
]
. (3.43)
From the relations (3.39) and (3.42) we can conclude that E2(θ) appears as an acceptable measure of the Airy stress
function. Consequently, we can introduce the following measure
F2(θ) =
α∫
θ
E2(η) dη for θ ∈ [0, α], (3.44)
and note that, by using the boundary condition (2.9) and the identity (3.3), we have
F2(θ) = I2(θ) for all θ ∈ [0, α], (3.45)
where
I2(θ) =
b1∫
a1
ε
[(
∂ψ
∂t
)2
+
(
∂ψ
∂θ
)2
− ψ ∂
2ψ
∂θ2
]
dt +
∫ ∫
Rθ
ε˙
[(
∂ψ
∂t
)2
+
(
∂ψ
∂η
)2
+ ψ2
]
dt dη. (3.46)
Moreover, we have
−dF2
dθ
(θ) = E2(θ)
∫ ∫
Rθ
ε
{
w0
[(
∂ψ
∂t
)2
+
(
∂ψ
∂η
)2]
+
(
∂2ψ
∂η2
+ ψ
)2}
dt dη

∫ ∫
Rθ
ε
{
w0
(
∂ψ
∂η
)2
+ w
[(
∂2ψ
∂η2
)2
+ ψ2
]}
dt dη (3.47)
and
d2F2
dθ2
(θ)
b1∫
a1
ε
{
w0
[(
∂ψ
∂t
)2
+
(
∂ψ
∂θ
)2]
+
(
∂2ψ
∂θ2
+ ψ
)2}
dt

b1∫
a1
ε
{
w0
(
∂ψ
∂θ
)2
+ w
[(
∂2ψ
∂θ2
)2
+ ψ2
]}
dt. (3.48)
Therefore, by using the Cauchy–Schwarz and arithmetic–geometric mean inequalities, from the relations
(3.45)–(3.48) we obtain
F2(θ) κ1
d2F2
dθ2
(θ) − κ2 dF1
dθ
(θ) for all θ ∈ [0, α], (3.49)
where
κ1 = 1
w0
+ 1
2w
, κ2 = 1
w0
[
1 + (b1 − a1)
2
π2
]
max
θ∈[0,α]
∣∣∣∣ ε˙ε
∣∣∣∣. (3.50)
A spatial decay behavior (including a Phragmèn–Lindelöf alternative) also follows in the manner discussed prior
to Theorem 2. Thus, we have the following result.
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represents a measure of the solution for Problem B that satisfies the decay law
F2(θ) F2(0)e−2θ for all θ ∈ [0, α], (3.51)
where
ρ2 = 12κ1
(−κ2 +√κ22 + 4κ1 ). (3.52)
In the case of an infinite annular region a < r < ∞, 0 < θ < α (also under the assumption (3.38)), a Phragmèn–
Lindelöf type alternative holds true, that is the corresponding energetic measure F2(θ) (with b → ∞) of the solution
of Problem B is infinite or decays to zero at least exponentially with respect to θ , as conveyed by the relation (3.51).
4. Spatial decay bounds for radial inhomogeneity
In this section we assume that the elastic coefficients vary smoothly with respect to the polar distance r so that
(1.14) holds true. Then we use the notation (2.3) and further we set
	′ = d	
dt
, 	′′ = d
2	
dt2
, 	¯′ = d	¯
dt
, 	¯′′ = d
2	¯
dt2
. (4.1)
In such a case the identity (2.12) furnishes
α∫
0
	
[(
∂2ψ
∂t2
)2
+ 2
(
∂2ψ
∂t∂θ
)2
+
(
∂2ψ
∂θ2
+ ψ
)2
+
(
2 − 	
′ − 	¯′
	
)(
∂ψ
∂t
)2
+ 	
′ − 	¯′
	
(
∂ψ
∂θ
)2
− 	
′ − 	¯′ + 	¯′′
	
ψ2 − 	¯
′′
	
ψ
∂2ψ
∂θ2
]
dθ
= d
2
dt2
α∫
0
	
{(
∂ψ
∂t
)2
+
(
∂ψ
∂θ
)2
− ψ ∂
2ψ
∂t2
+
(
1 − 	
′ − 	¯′
2	
)
ψ2
}
dθ
− d
dt
α∫
0
{
	′
[(
∂ψ
∂t
)2
+
(
∂ψ
∂θ
)2]
+
(
	′ − 	
′′ − 	¯′′
2
)
ψ2
}
dθ, (4.2)
for the solution of Problem A, while for the solution of Problem B, we have
b1∫
a1
	
[(
∂2ψ
∂t2
)2
+ 2
(
∂2ψ
∂t∂θ
)2
+
(
∂2ψ
∂θ2
+ ψ
)2
+
(
2 − 	
′ − 	¯′
	
)(
∂ψ
∂t
)2
+ 	
′ − 	¯′
	
(
∂ψ
∂θ
)2
− 	
′ − 	¯′ + 	¯′′
	
ψ2 − 	¯
′′
	
ψ
∂2ψ
∂θ2
]
dt
= d
2
dθ2
b1∫
a1
	
[(
∂ψ
∂t
)2
+
(
∂ψ
∂θ
)2
− ψ ∂
2ψ
∂θ2
+ 	
′ − 	¯′
2	
ψ2
]
dt. (4.3)
4.1. Spatial behavior for Problem A
In view of the identity (4.2) we associate with the solution ψ of Problem A the following functional
H1(t) =
∫ ∫
Rt
	
[(
∂2ψ
∂τ 2
)2
+ 2
(
∂2ψ
∂τ∂θ
)2
+
(
∂2ψ
∂θ2
+ ψ
)2
+
(
2 − 	
′ − 	¯′
	
)(
∂ψ
∂τ
)2
+ 	
′ − 	¯′
	
(
∂ψ
∂θ
)2
− 	
′ − 	¯′ + 	¯′′
ψ2 − 	¯
′′
ψ
∂2ψ
2
]
dτ dθ, t ∈ [a1, b1], (4.4)	 	 ∂θ
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H1(t) =
∫ ∫
Rt
	
[(
∂2ψ
∂τ 2
)2
+ 2
(
∂2ψ
∂τ∂θ
)2
+
(
∂2ψ
∂θ2
)2
+
(
2 − 	
′ − 	¯′
	
)(
∂ψ
∂τ
)2
+
(
−2 + 	
′ − 	¯′ + 	¯′′
	
)(
∂ψ
∂θ
)2
+
(
1 − 	
′ − 	¯′ + 	¯′′
	
)
ψ2
]
dτ dθ, t ∈ [a1, b1]. (4.5)
In view of the boundary condition (2.6) we can use the inequalities
α∫
0
(
∂2ψ
∂θ2
)2
dθ  4π
2
α2
α∫
0
(
∂ψ
∂θ
)2
dθ, (4.6)
α∫
0
(
∂2ψ
∂t∂θ
)2
dθ  π
2
α2
α∫
0
(
∂ψ
∂t
)2
dθ, (4.7)
into relation (4.5) in order to obtain
H1(t)
∫ ∫
Rt
	
[(
∂2ψ
∂τ 2
)2
+ ζ1
(
∂ψ
∂τ
)2
+ ζ2
(
∂ψ
∂θ
)2
+ ζ3ψ2
]
dτdθ, (4.8)
where
ζ1 = 2π
2
α2
+ 2 − max
t∈[a1,b1]
|	′ − 	¯′|
	
, ζ2 = 4π
2
α2
− 2 − max
t∈[a1,b1]
|	′ − 	¯′ + 	¯′′|
	
,
ζ3 = 1 − max
t∈[a1,b1]
|	′ − 	¯′ + 	¯′′|
	
. (4.9)
Thus, if we assume
ζ1 > 0, ζ2 > 0, ζ3 > 0, (4.10)
then it results that H1(t) represents a global measure of the function ψ in Rt . Consequently, we can introduce the
following measure
K1(t) =
b1∫
t
H1(τ ) dτ, (4.11)
and note that we have
K1(t)
b1∫
t
(τ − t)
α∫
0
	
[(
∂2ψ
∂τ 2
)2
+ ζ1
(
∂ψ
∂τ
)2
+ ζ2
(
∂ψ
∂θ
)2
+ ζ3ψ2
]
dτ dθ. (4.12)
Moreover, we have
−dK1
dt
(t)
∫ ∫
Rt
	
[(
∂2ψ
∂τ 2
)2
+ ζ1
(
∂ψ
∂τ
)2
+ ζ2
(
∂ψ
∂θ
)2
+ ζ3ψ2
]
dτ dθ, (4.13)
d2K1
dt2
(t)
α∫
0
	
[(
∂2ψ
∂τ 2
)2
+ ζ1
(
∂ψ
∂τ
)2
+ ζ2
(
∂ψ
∂θ
)2
+ ζ3ψ2
]
dθ. (4.14)
On the other hand, in view of the identity (4.1), we can deduce
C. D’Apice, S. Chirit¸a˘ / J. Math. Anal. Appl. 342 (2008) 585–600 597K1(t) =
α∫
0
	
{(
∂ψ
∂t
)2
+
(
∂ψ
∂θ
)2
− ψ ∂
2ψ
∂t2
+
(
1 − 	
′ − 	¯′
2	
)
ψ2
}
dθ
+
∫ ∫
Rt
{
	′
[(
∂ψ
∂t
)2
+
(
∂ψ
∂θ
)2]
+
(
	′ − 	
′′ − 	¯′′
2
)
ψ2
}
dτ dθ, t ∈ [a1, b1]. (4.15)
By means of the Cauchy–Schwarz and the arithmetic–geometric mean inequalities, from the relations (4.13) to
(4.15) we can deduce the following second-order differential inequality
K1(t) γ1
d2K1
dt2
(t) − γ2 dK1
dt
(t), t ∈ [a1, b1], (4.16)
where
γ1 = max
{
1
2
,
1
ζ1
,
1
ζ2
,
1
ζ3
(
1
2
+ max
t∈[a1,b1]
∣∣∣∣1 − 	′ − 	¯′2	
∣∣∣∣
)}
,
γ2 = max
{
1
ζ1
max
t∈[a1,b1]
|	′|
	
,
1
ζ2
max
t∈[a1,b1]
|	′|
	
,
1
ζ3
max
t∈[a1,b1]
1
	
∣∣∣∣	′ − 	′′ − 	¯′′2
∣∣∣∣
}
. (4.17)
Thus, by the Comparison Principle, we obtain
K1(t)K1(a1)e−ν2(t−a1) + K1(b1)e−ν1(b1−t) for all t ∈ [a1, b1], (4.18)
where
ν1 = 12γ1
(
γ2 +
√
γ 22 + 4γ1
)
, ν2 = 12γ1
(−γ2 +√γ 22 + 4γ1 ). (4.19)
A spatial decay behavior (including a Phragmèn–Lindelöf alternative) also follows in the manner discussed prior
to Theorem 2. Thus, we can state the following result.
Theorem 4. In the context of an inhomogeneous arch-like region for which ε and ε¯ satisfy the relations (1.14) and
(4.10), for any solution of Problem A one has
K1(r)K1(a)
(
a
r
)ν2
for all r ∈ [a, b], (4.20)
where
K1(r) =
b∫
r
1
τ
H1(ln τ) dτ. (4.21)
In the case of an infinite annular region a < r < ∞, 0 < θ < α (also under the assumption (4.10)), a Phragmèn–
Lindelöf type alternative holds true, that is the corresponding energetic measure K1(r) (with b → ∞) of the solution
of Problem A is infinite or decays to zero at least algebraically with respect to r , as conveyed by the relation (4.20).
4.2. Spatial behavior for Problem B
We now pay attention to the solution ψ of Problem B and we take as a candidate for its measure the functional
H2(θ) =
∫ ∫
Rθ
ε
{(
∂2ψ
∂t2
)2
+ 2
(
∂2ψ
∂t∂η
)2
+
(
∂2ψ
∂η2
+ ψ
)2
+
(
2 − 	
′ − 	¯′
	
)(
∂ψ
∂t
)2
+ 	
′ − 	¯′
	
(
∂ψ
∂η
)2
− 	
′ − 	¯′ + 	¯′′
	
ψ2 − 	¯
′′
	
ψ
∂2ψ
∂η2
}
dt dη, θ ∈ [0, α]. (4.22)
Further, we use the boundary condition (2.9) in order to write the inequalities
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a1
	(t)
(
∂2ψ
∂t2
)2
dt  δ1
b1∫
a1
	(t)
(
∂ψ
∂t
)2
dt, (4.23)
b1∫
a1
	(t)
(
∂2ψ
∂t∂θ
)2
dt  δ2
b1∫
a1
(
∂ψ
∂θ
)2
dt, (4.24)
where δ1 is the lowest positive eigenvalue of
d2u
dt2
+
[
δ − 1√
	
d2
dt2
(
√
	 )
]
u = 0, t ∈ (a1, b1); u(a1) = u(b1) = 0, (4.25)
and δ2 is the lowest positive eigenvalue of
d
dt
(
	
du
dt
)
+ δ	u = 0, t ∈ (a1, b1); u(a1) = u(b1) = 0. (4.26)
Obviously, we have the following bounds
δ1 
4π2
(b1 − a1)2 , δ2 
π2
(b1 − a1)2 . (4.27)
If we use the inequalities (4.23) and (4.24) into (4.22), then we get
H2(θ)
∫ ∫
Rθ
	
[
1
(
∂ψ
∂t
)2
+ 2
(
∂ψ
∂η
)2
+
(
∂2ψ
∂η2
)2
+ 3ψ2 − 24
∣∣∣∣ψ ∂2ψ∂η2
∣∣∣∣
]
dt dη, (4.28)
where
1 = min
t∈[a1,b1]
(
2 + δ1 − 	
′ − 	¯′
	
)
, 2 = min
t∈[a1,b1]
(
2δ2 + 	
′ − 	¯′
	
)
,
3 = min
t∈[a1,b1]
(
1 − 	
′ − 	¯′ + 	¯′′
	
)
, 4 = min
t∈[a1,b1]
∣∣∣∣1 − 	¯′′2	
∣∣∣∣. (4.29)
Therefore, if we assume
1 > 0, 2 > 0, 3 > 0, 4 <
√
3, (4.30)
then we have
H2(θ)
∫ ∫
Rθ
	
{
1
(
∂ψ
∂t
)2
+ 2
(
∂ψ
∂η
)2
+ 0
[(
∂2ψ
∂η2
)2
+ ψ2
]}
dt dη, (4.31)
with
0 = 12
[
1 + 3 −
√
(1 − 3)2 + 4 24
]
. (4.32)
Thus, under the assumption (4.30) it follows that H2(θ) can be considered as a measure of the function ψ on Rθ and
hence we can introduce the measure
H2(θ) =
α∫
θ
H2(η) dη (4.33)
and, moreover, we have
d2H2
dθ2

b1∫
	
{
1
(
∂ψ
∂t
)2
+ 2
(
∂ψ
∂θ
)2
+ 0
[(
∂2ψ
∂θ2
)2
+ ψ2
]}
dt. (4.34)a1
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H2(θ) =
b1∫
a1
	
[(
∂ψ
∂t
)2
+
(
∂ψ
∂θ
)2
− ψ ∂
2ψ
∂θ2
+ 	
′ − 	¯′
2	
ψ2
]
dt. (4.35)
Thus, from the relations (4.34) and (4.35) we obtain
d2H2
dθ2
(θ) − χ2H2(θ) 0 for all θ ∈ [0, α], (4.36)
and hence we have
H2(θ)H2(0)e−χθ for all θ ∈ [0, α], (4.37)
with
1
χ2
= max
{
1
1
,
1
2
,
1
0
(
1
2
+ max
t∈[a1,b1]
|	′ − 	¯′|
2	
)}
. (4.38)
A spatial decay behavior (including a Phragmèn–Lindelöf alternative) also follows in the manner discussed prior
to Theorem 2. Thus, we are lead to the following result.
Theorem 5. Suppose that the functions 	 and 	¯ satisfy the relation (4.30). Then the function H2(θ) as defined by
(4.33) represents a measure of the solution for Problem B that satisfies the decay law (4.37). In the case of an infinite
annular region a < r < ∞, 0 < θ < α (also under the assumption (4.30)), a Phragmèn–Lindelöf type alternative
holds true, that is the corresponding energetic measure H2(θ) (with b → ∞) of the solution of Problem B is infinite
or decays to zero at least exponentially with respect to θ , as conveyed by the relation (4.37).
5. Application to functionally graded materials
In this section we consider the class of inhomogeneous and isotropic functionally graded elastic materials as de-
scribed by the relation (1.16) and study Problem A. Then the relation (4.5) defining the measure H1(t) becomes
H1(t) =
∫ ∫
Rt
	
[(
∂2ψ
∂τ 2
)2
+ 2
(
∂2ψ
∂τ∂θ
)2
+
(
∂2ψ
∂θ2
)2
+ [2 − p(1 − f )](∂ψ
∂τ
)2
+ [−2 + p(1 − f + fp)](∂ψ
∂θ
)2
+ [1 − p(1 − f + fp)]ψ2]dτ dθ, t ∈ [a1, b1], (5.1)
and hence (4.8) becomes
H1(t)
∫ ∫
Rt
	
[(
∂2ψ
∂τ 2
)2
+ ζ1
(
∂ψ
∂τ
)2
+ ζ2
(
∂ψ
∂θ
)2
+ ζ3ψ2
]
dτ dθ, (5.2)
where now we have
ζ1 = 2π
2
α2
+ 2 − p(1 − f ), ζ2 = 4π
2
α2
− 2 + p(1 − f + fp), ζ3 = 1 − p(1 − f + fp). (5.3)
Then the relation (4.10) is satisfied if
1 − 4π
2
α2
< (fp + 1)(p − 1) < 0. (5.4)
Thus, we can conclude that in the class of inhomogeneous and isotropic elastic materials described by (1.16), with
0 < f < 1 and p satisfying (5.4) we have a spatial behavior of solution as given by Theorem 4 where ν2 is calculated
by means of relation (4.19).
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